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Abstract 
We study the motion of a viscous incompressible fluid filling the whole 
3-dimensional space exterior to a rigid body that is rotating with con-
stant angular velocity w. By using a frame attached to the body, the 
problem is reduced to an equivalent one in a fixed exterior domain. 
Then the linear part of the reduced equation is 
a tU = ~U + (w X x) · \7u - W XU - \7p, div u = 0. 
For the exterior problem with the Dirichlet boundary condition , we 
develop the Lp-Lq estimates (and the Lp,1-Lq,l estimates as well) of 
the generated sernigroup, which is no longer analytic due to the drift 
operator with the coefficient w x x. We next apply them to the Navier-
Stokes equation to prove the global existence of a unique solution which 
goes to a stationary flow as t --+ oo with some definite rates when both 
the stationary flow and the initial disturbance are sufficiently small in 
L3,= (weak-La space) . 
1 Introduction 
Let us consider the motion of a viscous fluid filling an infinite space exterior 
to a rigid body, that moves in a prescribed >vay such as rotat ion and transla-
tion. In order to understand the rotation effect mathematically, this article 
studies the purely rotating case. Thus, suppose that the body is rotating 
about y3-axis with constant angular velocity w = (0, 0, a)T, a E lR; here and 
hereafter, all vectors are column ones. Let 0 be an exterior domain in nt1 
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>vith boundary an E C 1•1 . Unless the body is axisymmetric, the domain 
occupied by the fluid varies with time t, and it is described as 
D(t) = {y = O(at)x; x E D}; 
vVe consider the Navier-Stokes equation 
( 
cost 




for y E n( t), t > 0, subject to the boundary and initial conditions 
ulao(t) = w X y; u ----t 0 as IY I ----t oo, 
where u(y,t) = (i! 1 ,i!2 ,i!:~)T and ji(y,t) are respectively unknown veloc-
ity and pressure of the fluid; uo is the given initial velocity; w x y = 
a( -Y2, y1, Of is the velocity of the rotating body so that the boundary 
condition is the usual nonslip one. A reasonable way from both mathemat-
ical and physical points of view is to take the frame x = O(at)T y attached 
to the body ([3], [13], [21]). The following change offunctions is thus made: 
u(x, t) = O(at)Tu(y, t), 
The problem is then reduced to 
OtU + u · Vu = !:lu + Mau - Vp, div u = 0 (1.1) 
in the fixed domain n X (0, oo) subject to 
ulao = w x x, u ----t 0 as lxl ----t oc, u(x, 0) = uo (:r ), (1.2) 
where 
}vfa = (w X :r) · \7 - wx, w = (O,o,af. (1.3) 
Our goal is to prove that the problem (1.1)-(1.2) possesses a unique 
global solution u(t) which goes to a stationary fiow u8 as t ----t oo when w 
and u0 - u 8 are small in a sense. Thus the first step is to find a solution u 8 
of the stationary problem 
div 'ILs = 0 
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in n subject to 
Look at the linear part of the first equation of (1.1). The crucial drift 
operator ( w x x) · \7 has a variable coefficient growing at infinity and causes 
some difficulties, which indicate that the term (w' x ;z;) · \lu is never subor-
dinate to the viscous term f:i'tJ, even if lwl is small. In fact, the semigroup 
generated by the operator !:i + i\Ia is not an analytic one in, say, L2 ([21], 
[22], [10]). And also, the pointwise estimate of the fundamental solution of 
the operator !:i + Ma is slightly worse than 1/l:r; - Yl for large (:r;, y) ([9], 
[25]). 
Up to now, particularly in the last decade, a lot of efforts have been 
made on the problems above or some related ones; see [3], [6], [15], [17], [18], 
[21] for the nonstationary flow, [7], [8], [9], [13], [14], [16], [25], [38] for the 
stationary one. Among them, the stationary solutions of [14] and [8] can 
be taken as the basic flow around which a global solution exists since their 
solutions enjoy so good asymptotic behavior at infinity that one can expect 
the stability. In fact, Galdi [14] derived pointwise estimates 
of a unique stationary solution provided that w is small enough and that, in 
ca..:;e the external f()l"ce f = div F is present, it has some decay properties 
and is also small in a sense. Another outlook on the pointwise estimates 
above in a different framework by use of function spaces ha..:; been recently 
provided by Farwig and Hishida [8] when the external force f = div F is 
taken from a larger class F E L3; 2,00 (0), where Lq,x(O) is the weak-Lq 
space, one of the Lorentz spaces introduced below. To be more precise, a 
stationary solution of class 
Us E L3,oo(f2), (1.4) 
has been uniquely constructed for small wand IIFIIL. ro)' subject to 
3/2,= 
This result can be ragarded as a generali?:ation of [29] and [37] to the rotating 
body problem. 
The solvability of the initial value problem (1.1)- (1.2) was studied in [3], 
[15], [18] and [21]. Borchers [3] constructed weak solutions for no in L2(0). 
As usual, we do not know the uniqueness of weak solutions. Later on, in [21] 
the existence of a unique solution locally in time was proved when, roughly 
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speaking, 'no possesses the regularity wJ12 (D). This local existence result 
has been recently extended to the general Lq-theory by Geissert, Heck and 
Hieber [18] to replace wi/2(0) by L3 (D). Galdi and Silvestre [15] showed 
the unique existence of local and global strong solutions by the Galerkin 
method. Their global solution was constructed around a stationary solution 
u 8 of Galdi [14] and the stability of the solution u 8 was also proved. To be 
more precise, if w is small and if uo -Us is taken from ~'F}(O) with small 
W}-norm, together with 'ILo[an = w x ;r and (w x ;1;) · Y'('no- us) E L2(D), 
then there is a global solution u(t) which satisfies IIY'(u(t) - u 8 ) [[Lz(O) --t 0 
as t --t oo. 
In this article we prove the stability of the stationary solution n 8 of [8], 
[14] for small wand uo- u 8 E L3,x(O). Although the global solution of [15] 
is more regular than ours, new contribution of our global existence theorem 
is to deduce the definite decay rates of the disturbance n(t)- n 8 , see (9.4), 
which seem to be optimal. 
For the proof, the most difficult step is to derive some decay estimates 
of the solution to the following Stokes equation with rotation effect, whieh 
is of own interest: 
div u = 0 (1.6) 
in 0 x (0, oo) subject to u[en = 0 and u(x, 0) = uo(x). The strategy based 
on some cut-off techniques together with spectral analysis is traced back to 
Shibata [34] and is similar to that of !washita [27] and also Kobayashi and 
Shibata [28], however, we need several new ideas because the semigroup gen-
erated by the problem above is never analytic unlike [27], [28]. In partieular, 
it is important to derive the behavior of the associated resolvent for large >.. 
along the imaginary axis in the complex plane as well as its regularity for 
small>... 
\Ve give a remark on the case of time-dependent angular velocity w' = 
w(t), whieh wa.c; discussed by [3], [6] on weak solutions, by [23] on a local 
unique solution and by [17] on time-periodic solutions. For the global ex-
istence and large time behavior of a unique solution as in this article, we 
need hvo difficult steps. One is to find a suitable ba.c;ic flow instead of sta-
tionary solutions, the other is not only the asymptotic behavior of evolution 
operator generated by (1.6) with Ma = Ma(t) but also the analysis of full 
linearization around the basie flow above. Although the method developed 
in this article cannot be directly employed, some ideas could be applied and 
t he problem >vill be an interesting object in t he future. 
Finally, we would like to mention a physical example which has relation 
to our theory, that is , the particle sedimentation in a viscous fluid. This is 
of practieal interest and the problem is to find a falling motion of a rigid 
body under its own weight in an infinite fluid, see Weinberger [39] and Galdi 
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[13] for details. The body undergoes a rotation and a translation which are 
to be determined from equilibrium conditions on the boundary; that isl a 
fluid-body interaction system has to be solved. Indeed the present article 
is devoted to the fluid motion around a body which moves in a prescribed 
way) but our study is certainly a step toward an analysis of that problem. 
This article is organized as follows. The next section provides the main 
results on some decay estimates of the solution to ( 1.6) l namely the Stokes 
semigroup with rotation effect. In sections 3 and 4 the resolvent problems in 
the whole space IR3 and in a bounded domain are respectively studied. \Ve 
construct, in section 5, a parametrix of the resolvent in exterior domains. 
Section 6 provides the reconstruction and some estimates near t = 0 of the 
semigroup when the initial velocity has a bounded support. In section 7 the 
local energy decay estimate of the semigroup is deduced. In section 8 we 
derive Lp-Lq estimates of the semigroup. The final section is devoted to an 
application of decay estimates of the semigroup to the Navier-Stokes flow. 
In each section only some ideas and key points are explained. For details, 
see [26]. 
This work was partially supported by Grand-in-Aid for Scientific Re-
search (B) 15340204, (C) 16540143, from the Japan Society for the Promo-
tion of Science. 
2 Main results on the Stokes flow 
To state our results, we introduce some function spaces. We adopt the same 
symbols f(n· vector and scalar function spaces. Let cgc (n) consist of all 
0 00-functions with compact supports in n. For 1 ~ q ~ oo and 0 ~ k E Zl 
we denote by w;(n), with H'g(n) = Lq(n), the usual Lq-Sobolev space of 
order k. Let 1 < q < oo and 1 ~ T ~ oo. Then the Lorentz spaces are 
defined by 
Lq,r (n) = (L1 (n), Loo(n)) , 
1-1/q;r 
where(·,·) is the real interpolation functor, see [1]. It is well known that f 
is in Lq,x(n) if and only if 
sup a i{:r E f2; lf(:r)l > a}l1/q < oo 
cr>O 
and that Lq,oo(O) is the dual space of Lq/(q-l),l (0). ~ote that cgc(n) is 
not dense in Lq,oo(n). V/e next introduce some solenoidal function spaces. 
Let Ccfcr(n) be the class of all Ccf-vector fields f which satisfy div f = 0 in 
n. For' 1 < q < oo we denote by Jq(O) the completion of C(f(T(n) in Lq(D). 
Then the Helmholtz decomposition of Lq-vector fields holds, see Miyakawa 
[32]: 
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Let P denote the projection operator from Lq(O) onto .lq(D) a..<Jsodated with 
the decomposition. Then the operator La is defined by 
{ D(,L~ = {'IJ, ~ .lq(O) n Wi(O); n[an = 0, (w x :r) · V'n E Lq(O)}, LaU- -P[b.n + Ma7l.], 
see (1.3). It is proved by Geissert, Heck and Hieber [18] that the operator 
-La generates a Co-semigroup {Ta(t)}(:~0 on the space .lq(O), 1 < q < oc 
(see also [20] f(n· the ca..<Je q = 2). Indeed the sernigroup Ta(t) enjoys a 
certain smoothing properties, but it is not an analytic one, see Hishida [21]. 
Concerning the essential spectrum of the generator -La on h(O), we refer 
to Farwig and ~eustupa [10]. 
Vv'e need also the solenoidal Lorentz spaces, which are defined by 
.lq,r(n) = (.Iq0 (0), .lq1 (n)) IJ,r 
where 1 < qo < q < ql < oo, 1 ~ T ~ 00 and 1/q = (1- e)Jqo + (}jql. Then 
{Ta(t)h2o is extended to the semigroup on the space .lq,r(O). 
Vv'e ~ow fix R > 0 such that IR3 \ n C BR = {x E IR3 ; [x[ < R}, and set 
OR= 0 n BR. By wq-l (OR) we denote the dual space of Wdj(q-l)(OR) = 
{v E W~j(q-l)(OR); v[aoR = 0}. The space Lq,[R+2J(0) or Lq,[R+2J(!R3 ) 
consists of Lq-vector fields v satisfying v(x) = 0 almost everywhere for 
[x[ ~ fl+2. 
In the linear theory, one does not need any smallness condition on the 
angular velocity w = (0, 0, a)T. Dut most of the estimates are not uniform 
for large w, however, they are uniform for w with [w[ = [a[ ~ ao, where 
ao > 0 is arbitrary. In >vhat follows, the constant C which may change from 
line to line depends on a0 > 0 and increases as a0 grows even if this will not 
be specified. 
The main theorems on some decay properties of the sernigroup Ta ( t) 
read as follows . 
Theorem 2.1 (Local energy decay). Let 1 < q < oo. For arbitrary 
a0 > 0, there is a constant C = C(q, R , a0 ) > 0 such that 
[[DtTa(t)PJ[Iwq- l(nR+a ) + [[11(t)[[Lq(OR+3l-<:: C£1(t)[[j[[Lq(O) (2.2) 
for all t > 0, f E Lq, [lH2] (0) and w with [w'[ = [a[ -<:: ao. Here, 11(x, t) is the 
associated pr-e.~.·mr-e that .mtis.fies .J;1R+3 1r(:E, t) d:E = 0, see (1. 6), and 
0 < t ~ 1, 
t > 1, { 
-t(l+~) 
£, (t) = t , 
t - .3/2 
' 
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0 < t-<:: 1, 
t > 1. 




and let a0 > 0 be arbitrary. Set 
for j = 0, 
for j = 1, 
Then there is a constant C = C(p, q, ao) > 0 snch that 
(2.3) 
(2.4) 
for all t > 0, f E Jp(n) and w with lwl = lal ;£ ao. For q = oc and j = 0 as 
well, estimate (2.4) holds. 
Theorem 2.3 (Lp,r-Lq,r estimate). Suppose {2.:'1) and let ao > 0 be arbi-
trary. Let 1 ;£ r < oo. Then there is a constant C = C(p, q, r, ao) > 0 snch 
that 
(2.5) 
for all t > 0, f E Jp,r(n) and w with lwl = lal ;£ ao, where /"1, is the same as 
in Theorem 2.2. 
Estimate (2.4) with the case p = q tells us the uniform boundedness 
of the sernigroup in t on Jq(n), which wa.o;; not shown in [18], while the 
semigroup is contractive on J2 (n), see [20] . The restriction q :£ 3 for the 
gradient estimate, which was first proved by !washita [27] for the case of 
the usual Stokes sernigroup ( w = 0), is caused by the fact that the effect 
from the solution to the whole space problem remains near the boundary. In 
fact, Maremonti and Solonnikov [31] pointed out that one cannot avoid that 
restriction even when w = 0. In view of their proof, we find that this is also 
related to the decay structure of stationary solutions. As was mentioned, 
t he decay of our fundamental solution is slightly worse than that of the usual 
Stokes one and thus it is hopeless to improve the restriction q ;£ 3 for the 
gradient estimate in our problem as well. 
In an application to the Navier-Stokes equation, we will employ (2.5) 
'vith r = 1 rather than (2.4) . The reason why we need the estimate in the 
Lorent7, space will be clarified in the final section. 
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3 Resolvent for the whole space problem 
The large time behavior of the semigroup Ta ( t) is closely related to the 
regularity for small ,\ of the resolvent (>.I+ Ca)- 1• In the proof of (2.1 ), the 
first step is thus the analysis of the resolvent problem 
AU- il11.- Mau + Vp = j, div n = 0 in IR:~. (3.1) 
The solution, which we denote by AMd.A)J, is described as the Laplace 
transform of the semigroup 
(Sa(t)f) (x) = O(at)T (et~ f) (O(at)x) 
in the whole space, whose Fourier transform is 
--(sa(t)f)(~) = O(at)Te-1~1 2tj(O(at)0, 
and thus we have 
u(:r) = (A~3(>.)f) (:r;) 
= ~1- f'Xl f c- (A+ I~I 2 )t ei(O(at)xHo(atf P(()J(()d(dt 
(27r)3 la JM3 
(3.2) 
(3.3) 
for Re)..;; 0 and f E Lq(IR3 ), where P(O =I-~ ® U l ~ l 2 . The associated 
pressure is given by 
(3.4) 
where the constant co(f) is determined so that fnR+J (QM3f) (x)d:r = 0. If 
in particular f E Lq,[lH2] (IR3 ) , its Fourier image J is a smooth function, 
from which we find that AJR3 (.A) f possesses a certain regularity for small ,\ 
in the localized spaee WJl(BlH3)- In fact , we find 
k = 0, ±1 
near).. = 0, ±·ia and AJR3(·)J is of dass C 1 on C+ \ {0, ±ia} wit h values in 
Hri(BR+3)· Furthermore, we observe 
k = 0, ±1 
k = ±2,±3 
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near A = {0, ±ia, ±2ia, ±3'ia} and A~3(·).f is of class C 2 on C+ \A with 
values in Wi(BR+3)· The observations above provide a justification of the 
regularity C 312 of the resolvent A~3 (A) for small A in the sense that 
for [hi ~ 1 and f E Lq,[R+2] (IR3 ), where K > 0 is a fixed large number. 
The analysis of the resolvent for large A is also quite important in our 
problem because of lack of analyticity of the semigroup. The main point is 
that, by integration by parts with respect to t, the resolvent A~3 (A) can be 
divided into two parts as below: the first term arising from t = 0 is something 
like parabolic part, that is, its analytic continuation into a sectorial subset of 
the left half complex plane is possible, while the second term decays rapidly 
as jAj --+ oo in C+, even along the imaginary axis. To be precise, given 
arbitrary N E N, we have the representation 
N-1 
(Ai3(A)j) (x) = L M:(>-- D.~i3)-(k+l)pM3f(x) 
k=O 
1 rXJ {' e-C>-+IEI2lteix..; 
+ (211)3 lo r{3 ().. + [([ 2 )N (3.6) 
O(atf [iuE~t (POi)] (O(at)O d~dt 
ME ,a = (w X ~)· V'E- wx, w = (o,o,af. 
4 Resolvent for the interior problem 
Given f E Lq(OR+:~), let us consider the resolvent problem 
AU- .6.u- Man+ \i'p = j, div u = 0 in OR+3 (4.1) 
subject to ulanR+3 = 0 and .h!R+S p(;r)d;r = 0. It is worth while emphasiz-
ing that the structure of the pressure, see ( 4.3) with ( 4.2) below, plays an 
important role later. 
Using the Helmholtz decomposition (Fujiwara and .\Iorimoto [11]) 
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one can rewrite the equation 
div u = 0 
>vhich can be treated as a perturbation fi:·orn the usual Stokes equation (w = 
0). In fact, by compactness argument with use of the Fredholm theorem) we 
find that the operator I- A1aAo(>.) has a bounded inverse on Jq(r2R+3) for 
,\ E C+, where (Aa(>.))To(>-)) denotes the solution operator Jq(Oll+3) 3 
g t---+ ( u, 1r) f(n· the problem 
div u = 0 
in QR+3 SUbject to ulanR+a = 0 and .fnR+3 1r(:r)dx = 0. Furthermore, the 
operator norm of the inverse (I- MaAo(A)) - 1 is uniformly bounded in 
A E C+ because this inverse can be also described as the Neumann series 
for large>.. Now, given g E Jq(01l+3), it is easily verified that the pair of 
satisfies 
u = Aa(A)g := Ao(A) (I- MaAo(>.)) - 1 g, 
1r = ITa (>.)g := llo(A) (I- MaAo (>.))-I g, 
div u = 0 
in nR+3 subject to ulanR+3 = 0 and .fnR+3 1r(:r)dx = 0. Obviously, Aa(>-) 
enjoys the same decay properties for large A as the parabolic resolvent Ao(A) 
does. The following decay of the pressure, which follows from that of ITo(>.), 
is also important: 
for k E N U {0}, 1 < q < oo. For the case w = Ol this rate of decay is a 
refinement of a related result shown by Noll and Saal [33, Lemma 3.11] and 
it is proved by means of duality argument together with an interpolation 
inequality. Set 
for f E Lq(r2R+3)· Then they actually provide a solution to (4.1) . 
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5 Resolvent for the exterior problem 
In this section we derive a representation of the resolvent (>.I + La) - 1 in 
exterior domains. We employ a cut-off technique to construct a parametrix 
by use of resolvents in the whole space IR:~ and in the bounded domain 
nR+3 together with the Bogovskii operator ([2]) to recover the solenoidal 
condition. 
Given f E Lq,[R+2J(n), we denote by fo the zero extension off to the 
whole space IR3 and by rnR+3 f the restriction off on nR+3· Using (3.3), 
(3.4) and (4.3), we set 
u = A(>.)j := (1- <p)A!ft3 (>.)fo + :pAnRH (>.)rnR+J + B[(C(>.)j) · V:p], 
p = II(>.)j := (1- <p)Q?.3fo + <pllnRH (>.)rnRHJ, 
with 
where :p E Ccr'(IR3) is fixed cut-off function so that <p(x) = 1 for l:rl ~ R + 1 
and <p(::r:) = 0 for I:I: I ~ R + 2, and B denotes the Bogovskii operator on 
AR+l ,R+2 = {x E IR:.3 ;R+1 < lxl < R+2}. Then the pair (u ,p) should 
obey 
(>.- ~- Ma)u + Vp = j + R(>.)j, div u = 0 
in n subject to ulan = 0, where R(>.)j is the remainder term arising from 
the Cllt-off procedure. The operator R( >.) is divided into two or three parts 
(5.1) 
where R1 is independent of>. and consists of Q?-3 fo and QnRH rnR+3 f, while 
R2 ().) = R21 ().) + R22 ().) depends on >.. To be precise, R21 ().) is extended 
into a sectorial subset S of the left half eornplex plane, as analytic continu-
ation, with estimate 
IIR21 (>.) llc(L (OJJ ~ C(1 + 1>.1)- (1- 1/q)/2, 
q,[R+2] >. E s u c+ (5,2) 
where the rate of decay comes from (4.2) with k = 0, while R22(>.) consists 
of some terms arising from the second term of (3.6) and, therefore, cannot 




since we can take N E N as large as we want in the representation formula 
(3.6). 
As usual, a compactness argument implies the existence of the bounded 
inverse (I + R( .\))-I ; however, the behavior of (I + R( .\)) - 1 for large .\ is 
not dear. \Ve thus reconstruct this inverse of the form 
(I+ R(.\))- 1 = [I+ (I+ Rl)-1 R2(.\)] - 1 (I+ R1)- 1 
X 
= L {-(I+ R1)- 1 R2(.\)} k (I+ R1)- 1 (5.4) 
k=O 
for large .\ by using R2(.\) ~ 0 as l.\1 ~ oo as given in (5.2) and (5.3). 
The important step is to show the invertibility of I+ R1 by the uniqueness 
of the Helmholtz decomposition. As a consequence, the operator norm of 
the inverse (I+ R(.\))- 1 is uniformly bounded in.\, and therefore, both the 
behavior for large .\ and the regularity for small .\ of the resolvent 
(.\I + .Ca) - 1 P f = A ( .\) (I + R ( .\) ) -l f 
are governed by those of resolvents in the whole space IR3 and in nR+3, see 
(7.2) and (7.3) below. 
6 Reconstruction of the semigroup 
\\re reconstruct the semigroup Ta(t) and derive some estimates near t = 0 
when the initial velocity has a bounded support. Thus, given f E Lq,( R+ 2] (r2), 
let us consider the nonstationary problem (1.6) subject to ulan = 0 and 
u(x , 0) = (P f)(x). Although Ta(t) is not an analytic semigroup, thanks to 
the boundedness of the support of f, we get a unique strong solution 




for any t > 0,1 > 0 and b > R + 3. Indeed, the proof does not rely upon 
the existence of the semigroup due to [18] at all. We make full use of the 
structure of the resolvent (>..I+ L:a)- 1 studied in the previous section to 
construct the solution (u, p) concretely by 
1 !!'+if' 
u(t) = lim -. _ e"'tA(>..)(I + R(>..))-1 fd>.. 
f.--+oo 27n T-~f. 
1 j'+if. p(t) = lim -_ c>-trr(>..)(I + R(>..))-1 jd>.. 
£--+oc 21r~ )'-i£ 
(6.3) 
>vhere the convergence is uniform in any eornpact interval of (0, oo). And 
then, we know u(t) = Ta(t)P f; as a consequence, our argument provides 
a justification of representation of the semigroup Ta (t)P f in terms of the 
inverse Laplace transf(mn of (>..I+ L:(t)-1 P f when f E Lq,[R+2J(n). Since we 
will prove a local energy decay property of the semigroup for f E Lq, [R+2J(n) 
in the next section, it is sufficient for us to justify that representation for 
such f. )Jote, however, that this does not follow fi:·orn the usual sernigroup 
theory, in which the initial data are assumed to be rather smooth. It is also 
remarkable that the formula of the associated pressure is available. 
In the proof of the regularity (6.1) of the solution u(t) given by (6.3), 
the following decomposition of (I+ R(>..))-1 , see (5.4) with (5.1), plays a 
crucial role: 
with 
[[U2(>..) IIL(L ( fl)) ~ C(1 + [>.. [)- 3 ' q,[R+2] 
This is actually possible when we take rn E N so large that (rn + 1)(1 -
1/q)/2 ~ 3 and set 
rn 
U1(>..) = 2::: { - (I +RI)- 1R21(>..)}k (I +RI)- 1. 
k= l 
Using the decomposition above combined with equations of the resolvent 
problems (3.1) and ( 4.1), we obtain also the following decomposition from 
which we find the time-differentiability of u( t): 
>..(>.. + L:a)-1 P f =>..A(>..) [(I+ Rr )-1 + Ur (>..) + U2(>..)] f 
= KJ + Y(>..)J + V1(>..)j + V2(>..)j, 
where K f does not depend on>..; Y(>..)f depends on>.. but does not decay for 
large >..; V1 (>..)J is extended into a sectorial subset S of the left half complex 
plane, a..<; analytic cont inuation, wit h 
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and Vz(.\).f cannot be extended into the left half complex plane but it decays 
rapidly, in fact, 
Re .\ ~ 1 > 0. 
7 Local energy decay of the semigroup 
As in !washita [27] and also in Kobayashi and Shibata [28] for the Oseen 
equation, the crucial step in the proof of Lp-Lq estimate (2.4) is to derive 
the local energy decay estimate (2.1) f(x t > 1. The strategy is traced back 
to Shibata [34]. Estimates (2.1) and (2.2) for 0 < t ~ 1 have been already 
shown in (6.2). 
Let f E Lq,(R+ZJ(n). To complete the proof of (2.1), the representation 
formula (6.3) of the semigroup Ta(t) by the inverse Laplace transform of 
the resolvent (.\J + La)-1 is now useful. After integration by parts with 
respect to .\) we shift the path of integration to the imaginary axis ( .\ = iT) 
to obtain 
(7.1) 
in the localized space H'd (r2R+3)· This procedure and the resulting formula 
(7.1) can be justified because the analysis done in sections 3, 4 and 5 implies 
the following behavior of 
ih(.\1 + La) - l P 
= D>.A(.\)(1 + R(.\))-1 - A(.\)(1 + R(,\))- 1D>.R2 (.\)(I + R(.\))- 1 
as well as that of (.\I+ La)_, P itself: 
in {A E c+; IAI ~ K}, where K > 0 is a fixed large number, and 
in {A E C+; lA- kial «:; lal/4}. Moreover, we have (7.2) for j = 2 as well as 
the C 312-regularity of (.\J + La) - 1 Pin the same sense as in (3.5). 
Vv'e now consider 
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in WJ(n1H 3 ) and split it into some integrals near T = ka (k = 0, ±1, ±2, ±3) 
and for large T. Then the f(mner decays like r 112 that f(>llows from the 
relation between the C 312-regularity of a function and the decay property of 
its inverse Fourier image ([34], [28], [36], [24]), while the latter decays like 
C 1 that follows from (7.2) for ,j = 1, 2 by integration by parts once more. 
8 Lp-Lq estimates of the semigroup 
We proceed to the local energy decay estimates of the semigroup Ta(t) for 
general data f E lq(n). 
Proposition 8.1 (Local energy decay). Let 1 < q < oc. For arbitrary 
ao > 0, ther-e i8 a con.~tant C = C(q, R, ao) > 0 .~nch that 
for all t > 0, f E lq(n) and w with lwl = lal ~ ao. Here, 1r(x, t) is the 
associated pressure that satisfies .f~!R+:J 1r(x, t) dx = 0, see (1. 6), and 
0 < t ~ 1, 
t > 1, 
0 < t ~ 1, 
t > 1. 
This is proved by use of a cut-off technique together with Lp-Lq estimate 
of the related semigroup Sa(t), see (3.2), in the whole space JR;.3 . In fact, as 
the first approximation of the solution u(t) = Ta(t)j , one can take 
v(t) = (1- '.f?)Sa(t)j + B[(Sa(t)j) · V''P], 
where 'P E Cff (IR;8 ) is a fixed cut-off function so that 'P ( x) = 1 for I xI ~ R + 1 
and rp(:1: ) = 0 for I;EI ;;;; R + 2, and B denotes the Bogovskii operator on 
AR+I ,R+2 · Here, f may be assumed to be in C~O'(n), therefore in Ct\O'(R3 ) 
as well, since it is dense in Jq(f2) . Then w(t) = u(t) - v(t) should obey 
w(t) = Ta(t) (rpf - B[f · VrpJ) + 1t Ta(t- s)F(.s)ds, 
which can be estimated in ~r; (nR) by using Theorem 2.1 because the sup-
port of the (solenoidal) ramainder terrn F(t) as well as w(O) is contained 
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in A1Hl,H+2. \Ve thus obtain Proposition 8.1. The argument above may 
provide another proof of generation of Co-semigroup {Ta(t)h::::o· 
And then, combining (8.1), (8.2) with estimate for lxl ;::>" fl-+ 3, we prove 
(2.4). In the proof of estimate for l;rl ;::>" R + 3 by a cut-off technique again 
and by using LyLq estimate for (3.2), unlike the case of the usual Stokes 
semigroup (w = 0), we need (8.2) near t = 0 f(n· the pressure 7r(t) which is 
contained in the remainder term arising from the cut-off procedure. This 
would not be necessary if Ta(t) were an analytic semigroup. 
Since both the estimate of Ta(t).f in (8.1) and that of 7r(t) in (8.2) hold 
for all q E (1, oo), one can employ the real interpolation so that the similar 
estimates are obtained in the Lorent?: spaces Lq,r(OR+:~). Along the same 
line by use of those estimates as in the proof of (2.4), we obtain (2.5). 
9 Application to the N avier-Stokes flow 
Let ('tL 8 ,p8 ) be the stationary solution of da..<;s (1.4) subject to (1.5). Set 
v(x, t) = u(x, t)- u.5 (x), 
and v0 (x) = u0 (x) - u8 (x). Then our stability problem is reduced to the 
global existence and decay of solutions to 
inn X (0, oo) subject to 
vlan = 0, v --+ 0 as lxl --+ oo, v(x, 0) = vo(x). (9.2) 
Dy use of the semigroup Ta(t), the problem (9.1) is converted into the 
integral equation 
v(t) = Ta(t)vo -fat Ta(t- r)Pdiv G(us,v(r))dr, 
where 
G(n8 , v(t)) = v(t) ® v(t) +Us ® v(t) + v(t) ®Us. 
In view of the class (1.4) of the stationary solution us, however, it is difficult 
to treat the additional linear terms div( Us 0 v + v 0 us) directly. We thus 
consider the weak formulation 
(v(t), rp) = (vo, T_a(t)rp) + 1a·t (G(us, v(r)),\1T_a(t- r)rp) dr (9.3) 
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in terms of the semigroup T_a(t), where T_a(t)* = Ta(t) for a E JR. We 
use the Lp, 1-Lq,l estimates (2.5) rather than (2.4). Let 1 < p < q ~ 3 and 
1/q = 1/p- 1/3. Then the interpolation technique developed by Yamazaki 
[40] combined with (2.5) for 1' = 1 implies 
for f E Jp,l(n). This enables us to deal with the additional linear terms 
in G(u8 , v) as a perturbation from the semigroup Ta(t). As a result, by 
the contraction mapping principle, we obtain the following global existence 
theorem. 
Theorem 9.1. Let u 8 E L3,x(n) and vo E J3,oo(n). 
1. There is a constant J > 0 such that if llusll£. ([]) + llvoll£. (OJ ~ J, 
3,oo 3,oo 
then the problem (9. 3) possesses a unique global solution 
with w* - lim v(t) = vo in J3,x(n). 
t--+0 
2. Let 3 < q < oc. Then there is a constant l(q) E (0, J] such that if 
llu~ II L
3
,oo (nJ + llvo t
3
,oo (n) ::; J(q) , then the solHtion v (t) obtained above 
enyoys 
llv(t) IIL,(nJ = 0 (cl / 2+3/2r) n8 t--+ oo (9.4) 
for every r E (3, q). 
Note that the problem is well-posed only in BC ( (0, oo); J3,oo (r2)) without 
any additional norm. But llv(t) IIL
3
,=([lJ does not decay in general as t--+ oc 
since 0 0 (0) is not dense in L3 ,00 (D). As in the second a..<;sertion of Theorem 
9.1, the decay property of v(t) is obtained in Lr(n), r > 3, when the data 
are still smaller. By (1.5) the assumptions on the stationary solution Us are 
satisfied f()l' small w and f = div F. 
Vv'e finally remark on the boundary condition of the solution obtained 
in Theorem 9.1. This is verified in the sense of trace when the stationary 
solution Us possesses a slight regularity such as 
us E Lq. (n), (9.5) 
for some q E (3/2, 3) and 1/q* = 1/q - 1/3, in addition to (1.4). For 
the discussion on the boundary condition, it is convenient to introduce the 
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fractional powers of the usual Stokes operator A= -Pl:!. with D(A) = {n E 
Jr(O) n Wjl(n); ulan= 0} for 1 < r < oo. Especially, one needs 
IIAI/2r. (t)fll < ccl /2-(3/q-.3/r)/211111 a L r(!l) = Lq(!l) (9.6) 
for 0 < t ~ 2 (resp. t > 0), 1 < q ~ r < oo (resp. 1 < q ~ r ~ 3) 
and f E Jq(O). This is a simple consequence of Theorem 2.2 combined 
with IIA1127J.IILr(n) ~ CIIV'niiLr(n) f()l' 11 E D(A), 1 < r < oo (Borchers and 
Miyakawa [4, Theorem 4.4]). Given to > 0, by use of (9.5) and (9.6), it is 
easy to show that the integral equation 
has a unique local solution v E C((t0 , t0+T*]; D(A112 ))nC([t0 , t0 +T*]; J 1.(0)) 
when v(to) E Jr(O) with some r E (3, q*), and that the length T* > 0 
of the existence interval can be estimated. ~ow, suppose that v(t) is the 
global solution obtained in Theorem 9.1 (the second part). Then, v(t) E 
Jr(O) n .7.>,=(0) for some r > 3 and every t > 0. For each T > 0 one 
can find an interval I 7 = [to, to + T*] with 0 < to < T < to + T* so that 
v(t) coincides with a solution mentioned above for all t E IT by uniqueness 
of solutions in C(I7 ; Jr(O)) (this kind of argument was developed in [30]). 
Hence, v(t)lan = 0 for every t > 0. 
The stationary flow that satisfies (9.5) as well as (1.4) can be actually 
constructed for the external force f = div F with FE Lr,=(O) n L 3; 2 ,00 (0) 
for some'!' E (3/2. 3) when lwl and liFt (<JJ are small enough, see Farwig 
' 3/2 ,oo · -
and Hishida [8] . 
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